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Limits



Limits: A Graphical Approach

We introduce the important concept of a /imit through an example, which leads to an
intuitive definition of the concept.

m Analyzing a Limit  Let f(x) = x + 2. Discuss the behavior of the

values of f(x) when x is close to 2.

SOLUTION We begin by drawing a graph of f that includes the domain value
x = 2 (Fig. 2).
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Figure 2



Limits: A Graphical Approach

In Figure 2, we are using a static drawing to describe a dynamic process. This re-
quires careful interpretation. The thin vertical lines in Figure 2 represent values of
x that are close to 2. The corresponding horizontal lines identify the value of f(x)
associated with each value of x. [Example | dealt with the relationship between x and
f(x) on a graph.] The graph in Figure 2 indicates that as the values of x get closer
and closer to 2 on either side of 2, the corresponding values of f(x) get closer and
closer to 4. Symbolically, we write

lim f(x) = 4

This equation is read as “The limit of f(x) as x approaches 2 is 4.” Note that
f(2) = 4. That is, the value of the function at 2 and the limit of the function as x

approaches 2 are the same. This relationship can be expressed as
limzf(.xr) =f(2) =4
x—:l-

Graphically, this means that there is no hole or break in the graph of fat x = 2.



Limits: A Graphical Approach

We now present an informal definition of the important concept of a limit.

DEFINITION Limit
We write
lim f(x) = L or f(x)—L as x—c¢

X—cC
if the functional value f(x) is close to the single real number L whenever x is close,
but not equal, to ¢ (on either side of ¢).

Note: The existence of a limit at ¢ has nothing to do with the value of the function
at ¢. In fact, ¢ may not even be in the domain of f. However, the function must be
defined on both sides of c.

The next example involves the absolute value function:

: —x ifx<0 f-2)=|-2li=—-(-2)=2
f(X)=|.x-|:{ = |

x ifx=0 f(3) =3 =3




Limits: A Graphical Approach

EXAMPLE 3 Analyzing a Limit Let h(x) = |x|/x. Explore the behavior of
h(x) for x near, but not equal, to 0. Find lim,_,,, h( ) if it exists.

SOLUTION The function A is defined for all real numbers except 0 [7(0) = [0 /0
is undefined]. For example,

=20 _ 2
h(—E) — 5 — _—2 = —]

Note that if x is any negative number, then i(x) = —1 (if r << 0, then the numera-
tor | x| is positive but the denominator x is negative, so h(x) = |x|/x = —1).If x
is any positive number, then h( () = 1 (if x = 0, then the numerator |x| is equal
to the denominator x, so i(x) = |x|/x = 1). Figure 4 illustrates the behavior of

h(x) for x near 0. Note that the absence of a solid dot on the vertical axis indicates
that /1 1s not defined when x = 0.

When x is near 0 (on either side of 0), is h(x) near one specific number? The
answer is “No,” because h(x) is —1 forx << 0 and 1 for x > 0. Consequently, we
say that

lim tal does not exist

=0 X
Neither /(x) nor the limit of 4 (x) exists at x = 0. However. the limit from the left
and the limit from the right both exist at 0, but they are not equal.



Limits: A Graphical Approach

Matched Problem 3 ] Graph

x — 2

=

h(x) =

and find lim _ /&(x) if it exists.

x—2

|.x' — 2

-

In Example 3, we see that the values of the function A (x) approach two different
numbers, depending on the direction of approach, and it is natural to refer to these val-
ues as “‘the limit from the left” and ““the limit from the right.” These experiences suggest
that the notion of one-sided limits will be very useful in discussing basic limit concepts.

DEFINITION One-Sided Limits
We write
lim f(x) = K x— c isread “xapproaches ¢ from
X—C —~
the left” and means x— ¢ and x < c.
and call K the limit from the left or the left-hand limit if f(.x) is close to K when-
ever x 1s close to, but to the left of, ¢ on the real number line. We write
lim f(x) = L x-— c*isread “xapproaches c from
X—c T n - -
the right” and means x— c and x > c.
and call L the limit from the right or the right-hand limit if f(x) is close to L
whenever x 1s close to, but to the right of, ¢ on the real number line.



Limits: A Graphical Approach

THEOREM 1 On the Existence of a Limit

For a (two-sided) limit to exist, the limit from the left and the limit from the right
must exist and be equal. That is,

lim f(x) = Lifand only if lim f(x) = lim f(x) = L

Xx—cC X—C

In Example 3,

o x] X
Im — = —1 and Iim — =1
x—0  x —0" x

Since the left- and right-hand limits are not the same,
| x|

lim —— does not exist

x—0 x



Limits: A Graphical Approach

m Analyzing Limits Graphically Given the graph of the function f in
Figure 5, discuss the behavior of f(x) for x near (A) —1, (B) 1, and (C) 2.

Figure 5



Limits: A Graphical Approach

SOLUTION

(A) Since we have only a graph to work with, we use vertical and horizontal lines to
relate the values of x and the corresponding values of f(x). For any x near — 1
on either side of —1, we see that the corresponding value of f(.x). determined
by a horizontal line, is close to 1.

f(x)
A
s |
L \ X]_l}ll]l_f(.l‘) =1
lim f(x) =1
34 - Y——
/\ ]im]f(1) =1
2 ¥, T
f(x) o _ —
f f(=1) =1
1
7iX)
' ' ' ' —» X
-3 x e 1 2 3




Limits: A Graphical Approach

(B) Again, for any x near, but not equal to, I, the vertical and horizontal lines indi-
cate that the corresponding value of f(.x) is close to 3. The open dot at (1, 3).
together with the absence of a solid dot anywhere on the vertical line through
x = 1, indicates that f( 1) is not defined.

F&x)
lim f(x) =
Jim f(x) =3
]](i_l}n flx) =3
f(1) not defined

In Example 4B, note that lim f( x ) exists even though fis not defined at x = 1 and the
b

graph has a hole at x = 1. 111 general, the value of a function at x = ¢ has no effect on

the limit of the function as x approaches c.



Limits: A Graphical Approach

(C) The abrupt break in the graph at x = 2 indicates that the behavior of the graph
near x = 2 is more complicated than in the two preceding cases. If x 1s close
to 2 on the left side of 2, the corresponding horizontal line intersects the y axis
at a point close to 2. If x is close to 2 on the right side of 2, the corresponding
horizontal line intersects the y axis at a point close to 3. This is a case where the
one-sided limits are different.

fx)
&
5+ 9
! I lim f(x) =2
f(x) xf
,_III'I__ y x]£121+f(x) =35
; / _]!inzf(,r) does not exist
f2) = 2
] —+
| | | | X
3 -2 X—> 2 <X




Limits: A Graphical Approach

Matched Problem 4 | Given the graph of the function f shown in Figure 6, discuss
the following, as we did in Example 4:

(A) Behavior of f(x) for x near 0
(B) Behavior of f(x) for x near 1
(C) Behavior of f(x) for x near 3
f(x)
A

4__

] / T
e

—» X

[
a2
o
n
=a

-2 -1 1

Figure 6



Limits: An Algebraic Approach

THEOREM 2 Properties of Limits

Let fand g be two functions, and assume that

lim f(x) = L lim g(x) =

X—C X—c
where L and M are real numbers (both limits exist). Then

1. im k = k for any constant k

X—C

2. }Eﬂ X=c
3. lim [f(x) + g(x)] = lim f(x) + lim g(x) =L + M
4. lim [f(x) — g(x)] = lim f(x) — lim g(x) =L — M
5. }ﬂ} kf(x) = ﬁ.)lg}f( x) = kL for any constant k
6. lim [f(x)-g(x)] = [lim f(x) ][ lim g(x)] = LM

X lim f(x)
7 }EH Jg:({r)) ;111: 2(x) M M0

X—>C

8. lim Vf(x) = Vlim f(x) = /L L > 0 for n even

X—C X—C



Limits: An Algebraic Approach
| EXAMPLE 5 Using Limit Properties  Find lim (x* — 4x).

xX—3
SOLUTION
]]fg% (x* — 4x) = lLr% Xt — xlﬁa-n:! dx Property 4

=|lmx) | limx)] —4limx Properties5and?b
x—3 x—3 x—3

2
= (]im x) — 4 lim x Definition of exponent
x—3 x—3
=32 —-4-3=-3

So, omitting the steps in the dashed boxes,

lim (x* — 4x) =3* —4-3 = -3
x—3

Matched Problem 5] Find lim_(x* + 5x).

x—-72



Limits: An Algebraic Approach

If f(x) = x* — 4 and c is any real number, then, just as in Example 5

lim f(x) = lim (x* — 4x) = ¢ — 4¢ = f(c¢)

xX—¢ Xx—c¢

So the Iimit can be found easily by evaluating the function f at c.

This simple method for finding limits i1s very useful, because there are many
functions that satisfy the property

lim f(x) = f(c¢) (1)
x—¢
Any polynomial function
flx) = ax" + nn_]x”_' + -+ q
satisfies (1) for any real number ¢. Also, any rational function
n(x)
rix) =
(x) d(x)

where n(x) and d(x) are polynomials, satisfies (1) provided c is a real number for
which d(c) # 0.



Limits: An Algebraic Approach

THEOREM 3 Limits of Polynomial and Rational Functions
1. lm}f( x) = f(c) for fany polynomial function.

2. lim r(x) = r(c) for r any rational function with a nonzero denominator
X—c

atx = c.
m Evaluating Limits  Find each limit.
2x
AN 12 3z : 72
(A) EEIIE (x 5x [) (B) Il_llrr_ll 2x° + 3 (C) 3&5 e+ 1
SOLUTION
(A) lim (X =5x—1)=2"-5-2—1= =3 Theorem3
(B) lim V22 + 3 = V lim (2x* + 3) Property 8
xr——1 x——1
= \/2 —1)* + 3 Theorem 3
=5
2x 2-4
C) 1 = Theorem 3
O+ 1 34+
8



Limits: An Algebraic Approach
m Evaluating Limits  Let

2 +1 ifx<?

fx) = {x— | ifx>2

Find:
A) lim f(x)  B) limf(x)  (© limfx) D) f(2)
SOLUTION
(A) lim f(x) = lim (x2+ 1) fx<2f(x)=x2+1
=22+1=5
(B) 3f_l_i1}’51+f(.r) = I]i;‘% (x — 1) Ifx=>21f(x)=x—1
=2—-1=1

(C) Since the one-sided limits are not equal, lin'%f(x) does not exist.
X—

(D) Because the definition of f does not ussigl{ﬂ value tofforx = 2, only forx < 2
and x > 2, f(2) does not exist.



Limits: An Algebraic Approach

Matched Problem 7 ) Let

x+3  ifx<S5
fx) = {—.r + 12 ifx>5
Find:
(A) lim_f(x) (B) lim, f(x) (€) lim f(x) (D) f(5)

EXAMPLE

2ifx < |
Let f(x) = {; T Find

ifx > 1
(A) I]iylhf(.t) (B) I[i{lll_f(.‘l’)
(€) lim f(x) (D) f(1)

[t 1s important to note that there are restrictions on some of the limit properties.
[n particular, if

. . P (€,
lﬂ}f(t) =0 and }E}T} g(x) = 0, then finding lmz o (x)
may present some difficulties, since limit property 7 (the limit of a quotient) does not
apply when lim g(x) = 0. The next example illustrates some techniques that can be
x—c "
useful in this situation.




Limits: An Algebraic Approach
Evaluating Limits  Find each limit.

R S | Cox|x+ 1
A =2 ®) D =
SOLUTION
(A) Note that lin’% x2 — 4 =2%2—4 = (0and lirr}lx — 2 =2 — 2 = 0.Algebraic
X— r—

simplification is often useful in such a case when the numerator and denomina-
tor both have limit 0.
2 — 4 (=2 F2) _ dim (x+2) =4

lim — lim = x—=2
x—2 x — 2 x—2 x — 2 -

]

(B) One-sided limits are helpful for limits involving the absolute value function.

o ox|x+ 1 ‘ |x + 1]

lim = lim (x) = —1 Ifx> -1 then = 1.

o ox|x+ 1 _ X + 1

lim = lim (—x) =1 Ifx< -1, then — = —1.
——1" x4+ ] x——1 X+ 1

Since the limit from the left and the limit from the right are not the same, we

conclude that

Cox|x+ 1] ‘
lim does not exist
a——1 x4+ 1




Limits: An Algebraic Approach

Matched Problem 8 ) Find each limit.

X2+ 4+ 3 o xr—16
(A) lIim (B) lm ———
=3 x+3 =4 | x — 4

In the solution to Example 8A we used the following algebraic identity:

13—4:(x—2)(x+2}

x — 2 x — 2

=x+2, x#F2

The restriction x # 2 is necessary here because the first two expressions are not
defined at x = 2. Why didn’t we include this restriction in the solution? When x
approaches 2 in a limit problem, it is assumed that x is close, but not equal, to 2.
[t 1s important that you understand that both of the following statements are valid:

2 2,

x°— 4 . x-— 4

= lim (x +2) and =
x—2

lim
2 xr — 2

s

5 x+ 2, x =2
x — 2

Limits like those in Example 8 occur so frequently in calculus that they are given a
special name.

DEFINITION Indeterminate Form

SN + _ . flx
If limf(x) = 0 and lim g(x) = 0, then lim

x—¢ x—c¢ " x—c g(x)

or, more specifically, a 0/0 indeterminate form.

1s said to be indeterminate,



Limits: An Algebraic Approach

The term indeterminate 1s used because the limit of an indeterminate form may
or may not exist (see Example 8A and 8B).

A CAUTION The expression 0/0 does not represent a real number and should

never be used as the value of a limit. If a limit is a 0/0 indeterminate form, further

investigation is always required to determine whether the limit exists and to find its
value 1f 1t does exist. A

[f the denominator of a quotient approaches 0 and the numerator approaches a
nonzero number, then the limit of the quotient is not an indeterminate form. In fact, in
this case the limit of the quotient does not exist.

THEOREM 4 Limit of a Quotient
If imf(x) = L,L # 0,and lim g(x) = 0,

X—cC X—C

then

lim )
x—c g(l)

does not exist



Limits: An Algebraic Approach

m Indeferminate Forms Is the limit expression a 0/0 indeterminate

form? Find the limit or explain why the limit does not exist.

. Sl x — 1 ooox + 1
A Im 2 B) m 52— © Im 5~
SOLUTION

(A) lﬂl} (x — 1) = 0 but EE}]} (x* + 1) = 2. So no, the limit expression is not
a 0/0 indeterminate form. By property 7 of Theorem 2,

ooox — | 0
lim — =—=10
=1 x= + 2

(B) 11&1] (x — 1) =0 and }Eﬁ (x> — 1) = 0. So yes, the limit expression is a

0/0 indeterminate form. We factor x* — 1 to simplify the limit expression and
find the limit:
x — | x — | 1

}E’nl.rz—l_ﬁlﬂ{(t—])(t+l) lm e




Limits: An Algebraic Approach

(C) lim] (x + 1) = 2 and ]in"{ (x> — 1) = 0. So no, the limit expression is not a
A— X—
0/0 indeterminate form. By Theorem 4,

x + 1 _
does not exist

lim
—1 2 —

Matched Problem 9] Is the limit expression a 0/0 indeterminate form? Find the

limit or explain wh)} the limit does not exist.
x + 1 B 1 x—3 o 1 x* =9
()Il—r’%szrQ (")IH}%J{—,

A) i
( IE%X + 3

Limits of Difference Quotients

Let the function f be defined in an open interval containing the number a. One of the
most important limits in calculus is the limit of the difference quotient,
fla + h) — fla)

: 7
F}EEI h (2)

If
lim [fla +h) — fla)] =0

h—0

as it often does, then limit (2) 1s an indeterminate form.



Limits: An Algebraic Approach
EXULTEIY (it of o Difference Quotient Find the following limit for

f(x) = 4x — 5:
_J3+h) —f(3)
lim
h—0 h
SOLUTION
lim f(3 + f"") _f(3) — im [4(3 + h) - 5] o [4(3) o 5] Since this is a 0/0
h—0 h h—0 h indeterminate form
12 +4h—5—-12+5 and property 7 in
= I] EH:: Theorem 2 does not
j h apply, we proceed
Y/ _ with algebraic
- ;!HE}}? - ﬂﬂ}]‘;,él =4 C|m[1||f|uc1t| on.

Matched Problem 10 Find the following limit for f(x) = 7 — 2x:
Jim f4 +h) —f(4)

h—0 h

Explore and Discuss 2 | f(3 + h) — f(3) l

If f(x) = e explain why 112‘%] p =9




In Problems 9—16, use the graph of the function f shown to esti-
mate the indicated limits and function values.

/&
4 J
- T
Figure for 9-16
9. f(—0.5) 10. f(—15)
11. £(1.75) 12. £(1.25)
13. (A) lim f(x) (B) lim, f(x)
(©) lim f(x) D) f(0)
14. (A) lim f(x) (B) lim, f(x)
(©) lim f(x) (D) f(1)
15. (A) lim f(x) (B) lim. f(x)
(©) lim f(x) D) £(2)
% (B) Is it possible to redefine f(2) so that 1i_r5f(x) = f(2)?
Explain. )
16. (A) lim f(x) (B) lim, f(x)
(©) lim f(x) (D) f(4)

& (E) Isit possible to define f(4) so that li_r’r}‘f(x) = f(4)?
Explain. )



Problem

Telephone rates. A long-distance telephone service charges
$0.99 for the first 20 minutes or less of a call and $0.07 per
minute thereafter.

(A) Write a piecewise definition of the charge F(x) for a
long-distance call lasting x minutes.

(B) Graph F(x) for 0 < x = 40.
(C) Find lim F(x). lim F(x).and lim F(x). which-

ever EKISI’.
Answer
0.99 if0 < x = 20
(A) F(x) = .
0.07x — 041 ifx = 20

(B) Fx)
3_-

c»—/
— '4:” ~
(C) All 3 Iimits are 0.99.




Problem

Pollution A state charges polluters an annual fee of $20 per
ton for each ton of pollutant emitted into the atmosphere, up
to a maximum of 4,000 tons. No fees are charged for emis-
stons beyond the 4,000-ton limit. Write a piecewise definition
of the fees F(x) charged for the emission of x tons of pollut-
ant in a year. What is the limit of F'(x) as x approaches 4,000
tons? As x approaches 8,000 tons?

Answer

{zm: if 0 < x = 4,000
F(x) = -
80,000 ifx = 4,000
lim F(x)=280,000; Im F(x)= 80,000
x—>4 (K x—8.000



